In a quantum Hall system, the finite-wavevector Hall conductivity displays an intriguing dependence on the Hall viscosity, a coefficient that describes the non-dissipative response of the fluid to a velocity gradient. In this paper, we pursue this connection in detail for quantum Hall systems on a lattice, noting that the neat continuum relation breaks down and develops corrections due to the broken rotational symmetry. In the process, we introduce a new, quantum mechanical derivation of the finite-wavevector Hall conductivity for the integer quantum Hall effect, which allows terms to arbitrary order in the wavevector expansion to be calculated straightforwardly. We also develop a universal formalism for studying quantum Hall physics on a lattice, and find that at weak applied magnetic fields, generic lattice wavefunctions connect smoothly to the Landau levels of the continuum. At moderate field strengths, the lattice corrections can be significant and perturb the wavefunctions, energy levels, and transport properties from their continuum values. Our approach allows the finite-field behaviour of a system to be inferred directly from the zero-field band structure.
In a quantum Hall system, the finite-wavevector Hall conductivity displays an intriguing dependence on the Hall viscosity, a coefficient that describes the non-dissipative response of the fluid to a velocity gradient. In this paper, we pursue this connection in detail for quantum Hall systems on a lattice, noting that the neat continuum relation breaks down and develops corrections due to the broken rotational symmetry. In the process, we introduce a new, quantum mechanical derivation of the finite-wavevector Hall conductivity for the integer quantum Hall effect, which allows terms to arbitrary order in the wavevector expansion to be calculated straightforwardly. We also develop a universal formalism for studying quantum Hall physics on a lattice, and find that at weak applied magnetic fields, generic lattice wavefunctions connect smoothly to the Landau levels of the continuum. At moderate field strengths, the lattice corrections can be significant and perturb the wavefunctions, energy levels, and transport properties from their continuum values. Our approach allows the finite-field behaviour of a system to be inferred directly from the zero-field band structure.
I. INTRODUCTION
The quantum Hall effects [1] are impressive examples of macroscopic quantum phenomena with measurable experimental signatures [2, 3] . Distinctively, quantum Hall phases exhibit a precisely quantised transverse (Hall) conductance, σ xy , which derives from the topological properties of the underlying wavefunction. In an experiment, this is manifested as a characteristic sequence of resistance plateaux that arise as the strength of an external magnetic field is swept. In addition to this, quantum Hall systems also exhibit a precisely quantised Hall viscosity, η H , a transport coefficient that describes the non-dissipative response of the quantum Hall fluid to a velocity gradient [4] [5] [6] . Like σ xy , the Hall viscosity also derives from the topology of the underlying wavefunction [7, 8] . It may be expressed more fundamentally in terms of the shift or mean orbital spin [7] [8] [9] , quantised topological numbers, unique to a particular quantum Hall phase, that describe the behaviour of the fluid in a system with curvature. While difficult to measure directly, it has recently been shown that the Hall viscosity occurs as a coefficient in the finite-momentum expansion of the Hall conductivity, σ xy (q), in the presence of an inhomogeneous electric field [10] [11] [12] [13] . This paves the way for an experimental measurement of Hall viscosity [14] [15] [16] [17] [18] and, consequently, a new diagnostic tool for identifying quantum Hall phases. The intriguing connection between conductivity and viscosity has been demonstrated using field theory [10] , Kubo formulae [11] , and semiclassical arguments [12] , and in this article we complement these approaches with a quantum mechanical treatment.
Most studies of the QHE, however, make simplifying assumptions about the host medium: namely, that there is continuous translational and rotational symmetry, and that the underlying system is well described by the two-dimensional electron gas (2DEG). In reality, quantum Hall experiments take place in semiconductor heterostructures [2, 3, 19, 20] , or in more exotic systems such as optical lattices of cold atoms [21, 22] , in suspended layers of graphene [23, 24] , and on the surfaces of 3D topological insulators [25] . In most of these settings, the system is not continuous, and instead has a periodic lattice structure. In general, the lattice endows the system with a band structure that can have significant effects on the physics. Notably, the single-particle wavefunctions tend to form dispersive energy bands, rather than perfectly flat Landau levels, while the quantum geometry of the problem, codified in the Berry curvature and quantum metric [26] [27] [28] , can significantly alter the wavefunction properties [29] [30] [31] [32] . In turn, these singleparticle effects alter the transport properties and stability of many-body, fractional quantum Hall phases [33, 34] . When these effects are strong, a lattice quantum Hall system may more accurately be described as a Chern insulator (see Refs. [29, 30] for reviews). In these systems, the lattice substantially alters the physics of the continuum, but may also support quantum Hall-like states in the absence of a net external magnetic field [35] [36] [37] [38] [39] , raising the possibility of realising the phenomenon at room temperature [40] .
In many realisations of the quantum Hall effect, the magnetic flux per lattice plaquette is small and the continuum QHE gives a good approximation of the behaviour of the system. Heuristically, this is because the characteristic length scale of the wavefunctions, which scales with the magnetic flux density as 1/ √ B, is much larger than the characteristic length scale of the lattice, and so the discreteness of the lattice is not detected. However, the realisation of stronger magnetic fields, the advent of techniques to simulate gauge fields in systems of cold atoms [41] , and the discovery of quantum Hall physics in graphene superlattices [42, 43] , have brought the strong-field regime into sharp focus. In this limit, lattice corrections have significant, measurable consequences, which would need to be accounted for in a putative experiment to measure the Hall viscosity.
In this article, we consider such lattice effects in detail. As inspiration, we take the well-studied Hofstadter model [44, 45] model for the QHE on a lattice that allows interpolation between strong-and weak-field regimes. As we show, generic tight-binding models with an external magnetic field support Hofstadter-like eigenstates, and in the weak field limit connect smoothly to continuum states. We use perturbative methods to derive the finite-wavevector transverse electromagnetic response as a series expansion in the flux density. In the process, we generalise a recent perturbative study of the Hofstadter model [31, 32] to arbitrary lattices and simplify the approach through an extension of the lattice Peierls substitution. In many cases, lattice corrections to the wavefunction and transport coefficients may be obtained simply through knowledge of the relevant band structure, a quantity that may be readily obtained in experiments or numerics.
The paper is structured as follows. In Sec. II, we give a quantum mechanical derivation of the finite-wavevector Hall conductivity, σ xy (q). This is motivated by, but distinct from, a recent semiclassical derivation of this quantity given in Ref. [12] . In Sec. III, we outline a general perturbative approach for obtaining lattice corrections to wavefunctions and energy levels when an underlying tight-binding model or dispersion relation is given. We go on, in Sec. IV, to use these perturbed quantities to obtain the lattice corrections to σ xy (q). General lattices are considered, with specific results given for those with C 4 symmetry and for the original Hofstadter model. In Sec. V we discuss our results and conclude. Some of the more mathematical parts of the paper may be found in the Appendices.
II. ELECTROMAGNETIC RESPONSE IN THE CONTINUUM

A. Preliminary Discussion
In this section, we give a new, quantum mechanical derivation of the finite-wavevector electromagnetic response of an integer quantum Hall fluid. This approach will then be used in more complex settings in Sec. IV, where we calculate the electromagnetic response of lattice quantum Hall systems.
We first recall some well-established results from the literature. In a quantum Hall system, an applied electric field in the x-direction generates a transverse current density according to the relation
where σ xy (q) is the Hall conductivity. In the limit q → 0, the Hall conductivity takes a universal quantised value σ xy (0) = νe 2 /(2π ), where ν is a rational number that gives the filling fraction of the Landau level. If the electric field is inhomogeneous, the Hall conductivity is dependent on the wavevector q. Several references [10] [11] [12] [13] have shown that the leading term in a series expansion in q arises at O(q 2 ) and has a coefficient that depends on Figure 1 . Electrostatic potential in the x-direction V (x) and the corresponding transverse current response jy (blue arrows).
the Hall viscosity η H . Combining results from Ref. [10] , σ xy (q) may be expanded as
where ρ 0 is the particle density, (B) is the energy density as a function of the external magnetic field B, l B = /|eB| is the magnetic length of the system and ω c = |eB|/m e is the cyclotron frequency. According to Ref. [12] , for the integer QHE, the contribution proportional to (B) may be interpreted as arising from the electric field-induced displacements of cyclotron orbit centres, while the contribution proportional to η H may be interpreted as arising from the electric field-induced shearing of the cyclotron orbits. A more general version of this quantity is derived in Ref. [13] , which separates the coefficient into diagonal and Landau-level-mixing contributions, allowing for broken rotational symmetry.
To simplify notation, we work in units where = e = m e = 1 and initially consider only isolated, filled Landau levels. In this scenario, we set ν = 1, and note that the Hall viscosity may be expressed in terms of the shift S as η H = 1 4 ρ 0 S, where for the nth Landau level, S = 2n + 1. The energy density of the nth Landau level is given by n (B) = ω c (n + 
B. Quantum Mechanical Derivation of Current Response
Our approach to the study of this quantity follows the setup of Ref. [12] , although the method we use will be different. We begin with the Landau Hamiltonian in the Landau gauge A L = B(0, x, 0),
where, as before, universal constants have been set to one. This Hamiltonian describes the motion of a charged particle in an external magnetic field of strength B, and may be solved in the standard way by defining the ladder operators
where we have inserted the magnetic length l 2 B = 1/B. In terms of a and a † , the Hamiltonian takes the form
with energy levels E n = ω c n + 1 2 (where ω c = B in our units) and wavefunctions |n = a † n |0 / √ n!, with |0 satisfying a |0 = 0. In real space, the wavefunctions are given by
with φ n (x) a product of Gaussian and Hermite polynomial functions of x [46] and where L y is the system length in the y-direction. We now apply a small inhomogeneous electrostatic potential to the system that acts only in the x direction, V (x) (see Fig. 1 ). Since we are interested in the linear response of the system to this external potential, we assume that the magnitude of V (x) is weak. In addition, we assume that V (x) varies with some length scale λ that is much larger than the characteristic length scale of the wavefunctions l B . With these assumptions, we can treat V (x) as a small perturbation to the Landau Hamiltonian, and expand it as a power series about some position x 0 , where higher derivative terms become successively weaker. Specifically, we write
We will ultimately be interested in the response as a function of wavevector q, for which it is useful to use the explicit oscillating electric field in the x-direction
where E q may be a complex number and we take the real part at the end of the calculation. For this choice of potential, the coefficients c m take the simple form
and we may identify q = 2π/λ. There are two meaningful current responses that we may calculate in this set up. The first is the (transverse) current per orbital, a single-particle quantity that describes the behaviour of an occupied single-particle orbital in the presence of the external field. The second is the (transverse) current density, a many-body property of the filled Landau level that includes contributions from all occupied cyclotron orbits at a given point in space. This latter quantity is directly connected to the Hall conductivity, σ xy , and is related to the physical current that would be measured in an experiment. We calculate each of these quantities in turn below, treating the external potential as a weak perturbation. We note that this quantum mechanical calculation gives equivalent results to those that would be obtained using linear response theory and the Kubo formula, although the method is considerably simpler. The equivalence between these two approaches is shown explicitly in Appendix A for the current density calculation.
Current per Orbital
We first calculate the perturbed orbital states that result from the action of the weak external potential, which enters the Hamiltonian through the term ∆H = V (x) (with e = 1). From elementary perturbation theory, the first-order perturbed states are
where, since V (x) acts only in the x-direction, k y is conserved. Expanding V (x) about the centre of the orbital, 
allowing the perturbed wavefunctions to be calculated straightforwardly.
The operator that gives the current per orbital in the y-direction is obtained canonically throughÎ y = ev y = ∂Ĥ L /∂k y , givinĝ
The leading current response to the perturbation is equal to the expectation value of this operator evaluated in the perturbed orbital of interest, ñ, k y |Î y |ñ, k y . The zeroth order term vanishes trivially, and the leading contribution is given by
(15) After some algebra, we obtain
where in the second line we have substituted for c p and used E(x) = −∂ x V (x) to write the expression in terms of the electric field. This is the current that would arise instantaneously if a single electron, in orbital |n, k y , were suddenly exposed to a weak electric field described by E(x). The magnitude and sign of this current depend on the spatial location of the orbital relative to the external field through E(k y /B), and for a harmonic potential would oscillate in space as in Fig. 1 . The expression above agrees with the current per orbital result given in Ref. [12] . Finally, we note that the current per orbital is a band geometric quantity-i.e., it depends only on the wavefunctions of the system and not on the energies. To see this, we writeÎ y =v y = −i ŷ,Ĥ L in Eq. (15) (implicitly assuming the system is infinite in order forŷ to be well defined), and note that the action ofĤ L cancels the difference of energies in the denominator to give
where in the second line we have used m =n |m m| = I − |n n|. Since V (x) may be written as a series in x, the expression above only depends on the algebra of the projected position operators, and is thus a geometric property of the bands. In particular, the first nonzero term is related to the Berry curvature of the band. Band geometric quantities are important in determining the stability of many-body FCI states built from the band eigenstates [28, 32, 34] . The equivalence in Eq. (17) shows that the current per orbital may provide a route to measuring the band geometry experimentally.
Current Density
We now consider the current density of a filled, isolated Landau level. This differs from the calculation above in two main ways. First, we require the current at a particular point in space rather than the total current of a cyclotron orbit. For a single particle, this corresponds to the current density operator,
Secondly, we must sum over contributions to the current density from all states in the Landau level. In this case, we will sum over different values of k y , which we assume take values 2πm/L y with m = 0, 1, . . . , L y − 1.
Following a similar line of argument to before, we perturb the Landau level states with the external potential, and calculate expectation value of the current density in these new states, arriving at the expression
where the zeroth order term can again be shown to vanish. We emphasise that this formulation is equivalent to calculating the current density using many-body linear response theory, a correspondence that is shown explicitly in Appendix A. A further complication arises in how we expand the external potential. In order to consistently sum current contributions from each orbital, we must expand V (x) about the same point in space in each case. We take this point to be x 0 , the x-coordinate of the position at which we are measuring the current, and rewrite Eq. (8) as
where
With this substitution, we have separated the operatorvalued terms proportional to x − , which will ultimately be integrated over. Substituting these and the explicit wavefunctions from Eq. (7) into Eq. (19), we obtain
where we have also taken the continuum limit in replacing ky → dk y Ly 2π . The final factor is independent of k y , and so we can drop this label. For the remaining factors, we define the new variable u = x 0 − k y /B and write the integral over k y as an inner product, arriving at
In this way, in the thermodynamic limit, the current density reduces to a sum over products of matrix elements, which can be calculated out straightforwardly using ladder operators. After some algebra, we obtain
or using Eq. (9),
Under the substitution E(x) = E q e iq(x−x0) , and using Eq. (1), we identify the finite-wavevector Hall conductivity as
which agrees at O(q 2 ) with the result from the literature in Eq. (3). We emphasise that this method can be extended (and automated) straightforwardly to obtain terms up to as high an order in q as desired. The general coefficient will be a polynomial in the Landau level index n.
The current density is directly related to the physical current that would be measured in a transport experiment, with the precise relation depending on the nature of the probe. If the probe is small compared to the length scale of the potential λ, then the current measured at position r 0 would be proportional to the integral of J yn (r) over the probe area around r 0 . For a harmonic potential, the current density would oscillate in space according to the value of E(x 0 ) in Eq. (25) , as shown heuristically in Fig. 1 . If the probe size is similar to the length scale of the potential, then the oscillating contributions to the current density may cancel out.
Unlike the current per orbital, the current density is not a band geometric quantity: the presence of the delta function in the current density operator prevents the energy denominators from being cancelled. However, the current density is much easier to measure in an experiment, as it requires filling all the states in a Landau level rather the selectively occupying certain orbitals.
III. PERTURBATIVE APPROACH TO LATTICE QUANTUM HALL SYSTEMS A. Overview
We now turn our attention to quantum Hall physics on a lattice. Specifically, we consider topologically trivial tight-binding bands that become topological only when an external magnetic field is applied (although our method should also have applications to the study of Chern bands). An archetypal example of such a system is the Hofstadter model [44, 45] , which describes charged particles hopping on a square lattice in the presence of a magnetic field. In the weak field limit, the eigenstates of the Hofstadter model connect smoothly to the Landau levels of the continuum [31] , while at stronger field strengths, the energy spectrum takes on the famous fractal butterfly structure. In this section, we argue that a similar, smooth connection to Landau level physics arises in generic lattice models.
In a tight-binding model, the effect of a magnetic field is usually included through the Peierls substitution [47] . This is the addition of a complex phase to the hopping parameters that depends on the line integral of the vector potential along the shortest path between the two sites involved in the hop,
Although an approximation, the Peierls substitution describes the physics of the tight-binding model accurately in the limit where the vector potential varies slowly on the order of the lattice spacing [48] [49] [50] . The Hamiltonian for the Hofstadter model derives from a simple square lattice model in this way. Explicitly, beginning from the square-lattice hopping Hamiltonian
we implement the Peierls substitution in the Landau gauge (A = B(0, x, 0)) to arrive at
In the above expressions, t is the nearest-neighbour hopping parameter, r takes values on a square lattice with lattice spacing a, c † r is a fermionic creation operator at site r and
is the magnetic flux per plaquette (the flux quantum φ 0 = e 2 /h = 1/2π in our units).
The presence of a magnetic field extends the size of the repeating unit cell of the system. For φ = p/q, with p and q coprime, the magnetic unit cell is q × 1 plaquettes in size and contains a total of p flux quanta. Correspondingly, the Brillouin zone extent is reduced by a factor of q in the k x -direction, and the resulting q bands can be thought of as arising through the folding and mixing of the original band structure within the reduced magnetic Brillouin zone, as illustrated in Fig. 2 . If φ is tuned by sweeping the magnetic field, the number of bands in the system changes rapidly as a function of q, repeating outside of the interval φ ∈ [0, 1) and forming a Cantor set for irrational values of φ [51] .
In this paper we will restrict the discussion to rational values of φ (since any real φ can be approximated to arbitrary accuracy by a rational number), and we will in addition assume that φ is small, writing φ = 1/N with N a large integer. In this limit, low-and high-energy bands of the Hofstadter model resemble continuum Landau levels (see, for example, the two lowest and two highest Hofstadter bands in Fig. 2 ). This connection was pursued in detail in Refs. [31, 32] , where deviations from Landau level physics were found to fall into two categories: exponentially small corrections, which vanish in the weak-field limit (for fixed lattice spacing) as e −σN for some approximately constant σ, and perturbative corrections, which vanish in the weak-field limit as (1/N k ) for positive integers k.
These two types of contribution can be seen to arise as follows. Consider the action of the Hofstadter Hamiltonian, Eq. (29), on a single tight-binding orbital, which we write as ψ(x, y). Since k y is a good quantum number in the Landau gauge, wavefunction solutions factorise into a Bloch wave in the y-direction, and an x-dependent part that satisfies
an equation known as Harper's equation [44] . Although this equation is formally discrete, we can approximate it as a continuum equation, and expand each term on the right-hand side order by order in a. At first order, we find
where in the second line we have identified 1/l 2 B = 2πφ ≡ Ba 2 and used the ladder operators as defined in Eq. (5). The Hamiltonian above resembles the Landau Hamiltonian from Eq. (6), and this mapping to the continuum can be made exact if we identify
In this way, wavefunctions of the Hofstadter model may be approximated at lowest order by Landau level wavefunctions. Corrections to these may be obtained by expanding Eq. (31) to higher order, and treating the successive terms as perturbations [31] . Since higher terms in the series expansion arise at higher powers of (a/l B ), these perturbations are small in the limit that the magnetic length is much larger than the lattice spacing. For a fixed lattice, this regime may be obtained by making the applied magnetic field very small.
These perturbative corrections account for the algebraic deviations from Landau level physics, vanishing as B k in the weak-field limit with fixed lattice spacing. Nonperturbative corrections arise due to tunnelling and discreteness effects, as may be seen heuristically from the structure of Eq. (31): The cosine term on the right-hand side may be expanded about any of its minima, which are separated by a distance xa = N . The true wavefunction should include tunnelling between Landau level-like wavefunctions that reside in each of these minima. The tunnelling should be exponentially small in the barrier width, which in this case would lead to contributions that are of approximate size e −σN . A more careful consideration of tunnelling effects using the WKB approximation was carried out in Ref. [31] , confirming these rough arguments.
For a weak enough magnetic field, the exponentially small corrections will be negligible compared to the perturbative corrections, and so may be ignored. Specifically, this amounts to ignoring the dispersion of the energy bands and the exponentially small corrections to the wavefunctions (which in turn would affect band geometric properties such as the Berry curvature and quantum metric). In the next subsection, we will calculate the dominant perturbative corrections of this form for a generic lattice model, and identify the effect these have on the energy levels, wavefunctions and transport properties of the system.
B. Bravais Lattices
In the absence of a magnetic field, a generic term in a tight-binding model on a Bravais lattice may be written
where, to simplify notation, we set the lattice spacing a = 1 from now on. Taking the Fourier transform, this Hamiltonian may be diagonalised in momentum space aŝ
where k x and k y take values between −π and π. For simplicity, we have assumed that t mn is real, but the method may be extended straightforwardly to complex hopping parameters. We now introduce a magnetic field (in the Landau gauge) through the Peierls substitution, which changes the hopping term tô
Motivated by the discussion in the previous subsection, we consider the action of this hopping term on a localised tight-binding orbital ψ(x, y) and use the fact that k y is a good quantum number to obtain a discrete difference equation for just the x-dependent part, ψ(x),
Finally, we use the Baker-Campbell-Hausdorff identity to rewrite the above expression aŝ
By comparing Eqs. (35) and (38), we see that the realspace finite-field Hamiltonian may be obtained from the zero-field Hamiltonian through the substitution k →k, withk defined through Eq. (38) . In other words, the lattice Peierls substitution is equivalent to applying the minimal coupling substitution p → p − A at all orders in the Hamiltonian (this may be verified for other choices of gauge). A complete tight-binding Hamiltonian will usually contain a sum of many hopping terms of the formĤ mn . From the discussion above, it follows that each term H mn contributes a cosine operator as in Eq. (38) , which may be thought of as deriving from a zero-field term H 0 mn (k) through the substitution k →k. Notably, since each cosine term can be expanded as a power series, and terms from each power series recombined, the substitution k →k may be applied directly to the zero-field band structure, which might only be known to low orders in k from experiment or numerical results. This motivates a prescription for obtaining the finite-field Hamiltonian from a zero-field band structure:
• Take E(k) orĤ(k) for the zero-field tight-binding model on a Bravais lattice and substitute k x →k x and k y →k y .
• Products should be replaced with their fully symmetrised operator equivalents, through
where {· · · } indicates the fully symmetrised sum over distinct orderings.
This latter condition arises from considering the operator ordering in the expansion of each cosine term. For example, a zero-field band structure contribution proportional to k 
Provided all terms of the series expansion are kept (or if each term of the Hamiltonian is written in cosine form), the substitution above is exact. To obtain a perturbative solution, we follow the approach outlined in the previous section and truncate the series order by order in k. As a specific example, we consider a tight-binding model on a Bravais lattice with C 4 symmetry (i.e. symmetry under (x → y, y → −x)). The most general zero-field band structure for such a model may be written
where we have kept all allowable terms up to quartic order. At lowest order, we assume that C 2 2,0 is nonzero and apply the substitution k →k to obtain
By defining the usual ladder operators, which we may rewrite as
we obtainĤ
Thus, in a weak magnetic field, the tight-binding wavefunctions resemble Landau level wavefunctions with cyclotron frequency ω c = 2BC This can be used to calculate perturbative corrections to the energy levels and wavefunctions using elementary perturbation theory, results that are given in Appendix B. Higher order corrections can be calculated in a similar manner. In this way, given a zero-field band structure, it is possible to read off a set of perturbed Landau levels that resemble the low-lying single-particle states that would arise in the presence of a weak magnetic field. The energy levels of these states are shifted relative to the unperturbed values, and the wavefunctions pick up corrections that cause them to adopt the symmetry of the lattice. In turn, these wavefunctions may be used in the calculation of transport properties, for example, which we pursue in the next section.
The approach outlined above applies directly to Bravais lattices with other symmetries. In general, the zerofield band structure should be expanded about the momentum at minimum energy k 0 (which may not be at k 0 = 0), and the substitution (k − k 0 ) →k should be enacted. Since the expansion is about a band extremum, the leadingk-dependence will be quadratic [52] and can always be solved to give a Landau level solution. Higher order terms will in general be more complicated than in the C 4 -symmetric case, but the perturbative method remains the same. However, if the lattice has additional structure (through a sublattice, orbital or spin degree of freedom, for example), the method must be altered slightly. We discuss these cases in the next subsection.
As suggested previously, this perturbative approach has a number of limitations. First, it neglects the exponentially small corrections that arise due to discreteness and tunnelling effects. In addition, the perturbed wavefunctions that are obtained using this method are not Bloch periodic. Instead, they are quasilocal states that would need to be superposed into a Bloch wavefunction by hand (see Ref. [31] for an example of how to do this). Finally, in order to consistently truncate the perturbation series at a given order, the magnetic field must be weak enough that the neglected terms are negligible. Nevertheless, this method is expected to provide a good approximation across a wide regime of lattice parameters.
C. Bravais Lattices with Substructure
The majority of interesting tight-binding models have some sort of substructure even in the absence of a magnetic field-usually a combination of spin, orbital, and sublattice degrees of freedom. In such cases, a generic hopping term will take the form where α and β now give the additional quantum numbers of the tight-binding orbital. A complete Hamiltonian will involve a sum of such terms and, by taking the Fourier transform, may be written in terms of the momentum space Hamiltonian matrix,
Note that there are a number of (gauge) choices for how to carry out this Fourier transform. In our case, the relevant matrixĤ 0 αβ (k) is the one that defines the periodic part of the Bloch wavefunction, u kγ (r). This amounts to taking into account the spatial embedding of each orbital within the unit cell, through u kγ (r) = e −ik·r ψ kγ (r), where ψ kγ (r) is the Bloch periodic wavefunction andr gives the spatial displacement of each orbital [29] .
In the presence of a magnetic field, Eq. (46) becomeŝ 
where r = r+mx+nŷ and δr α gives the spatial displacement of each orbital relative to the centre of the unit cell.
Using the arguments of the previous section, we can consider the action ofĤ mnαβ on a localised tight-binding orbital ψ β (x, y) and use the fact that, in the Landau gauge, k y is well defined. As before, we find that the finite-field Hamiltonian may be derived from the zero-field Hamiltonian through the substitution k →k (subject to the operator ordering given in Eq. (39)). In other words, the new Hamiltonian is the matrix
considered to act on the real space wavefunctions ψ β (x, y). Each matrix elementĤ αβ (k) can be expanded as a power series in k, and by solving the resulting matrix equation at each order, perturbative energy levels and wavefunctions may be obtained. Alternatively, the zerofield matrix elementsĤ 0 αβ (k) may be expanded as a power series first, and then the (ordered) substitution k →k carried out. The resulting wavefunctions will now be perturbed Landau levels with generally different amplitudes on each orbital.
In the Bravais lattice case, we were able to apply the substitution k →k directly to the zero-field band structure, rather than to the Hamiltonian. This would not seem to apply in this case, as may be seen from considering the zero-field Hamiltonian in Eq. (47) . To obtain energy bands from this matrix, we need to solve a determinant equation and, in the process, find the root of a polynomial equation. Carrying out this procedure for the finite-field, operator-valued matrix changes the operator ordering in a way that depends on the original matrix elements, and which cannot be reverse engineered without knowing the full structure of the matrix. x , but none of the other four orderings. Given a zero-field band structure with a term k 2 x k 2 y , the usual symmetric replacement over all orderings does not apply. In this way, the substitution k →k can only be applied consistently to the complete zero-field tight-binding matrix. Another way of stating this is that many different tight-binding models can give rise to the same energy bands, but the wavefunctions generally depend on the details of the model. However, for certain symmetric models, this problem may be 'accidentally' circumvented at first order, and the substitution k →k may be successfully applied even to the zero-field band structure. For lattices with C 4 symmetry, the first problematic term in the band structure is k 2 x k 2 y . Although we do not know the correct operator substitution for the reasons mentioned above, we know that it must be symmetric under the simultaneous replacementsk x →k y andk y → −k x . We can therefore write
which, in terms of ladder operators, is
Since the unknown coefficients only enter as constant offsets, the naive symmetric substitution k →k will always have the correct operator dependence. In first order perturbation theory, this is enough to calculate the perturbed wavefunctions and the perturbed energy differences between states, all that we will require in the next section when we calculate the leading perturbations to the conductivity. For C 4 symmetric lattices, therefore, the perturbed solutions given for a Bravais lattice in Appendix B apply also to models with a unit cell substructure (other than the overall energy offset). Similar simplifications may arise for other symmetries, but in general the perturbative method needs to be applied at the level of the Hamiltonian matrix. Conversely, measuring behaviour such as transport properties, in conjunction with a measured band structure, may allow the reverse engineering of an effective underlying tight-binding model for an experimental system.
IV. ELECTROMAGNETIC RESPONSE OF LATTICE QUANTUM HALL SYSTEMS
In the previous two sections, we showed how to calculate the finite-wavevector current response of a filled Landau level, and demonstrated that Landau-level like wavefunctions arise naturally in generic lattice models in the presence of a weak magnetic field. We now bring both of these strands together and calculate the leading corrections to the current response that arise due to the presence of a lattice. These could be important if, say, one wants to measure the Hall viscosity through a conductivity experiment.
The setup will be similar to that used in Sec. II: we take a lattice quantum Hall system and apply a weak inhomogeneous electric field as shown in Fig. 1 . There are now three length scales in the system: the length scale of the potential λ, the magnetic length l B = 1/ √ B, and the lattice spacing a. We are interested in the limit λ l B a, where the discreteness of the lattice may be treated as a perturbation to the Landau level wavefunctions, and where the external potential may be truncated as in Eq. (8) and used in linear response.
Applying the methods of Secs. II and III, the singleparticle wavefunctions may be expanded as a double perturbation series. The perturbation due to the lattice may be written
where |n, k y is an unperturbed Landau level and U † a, a † is a unitary operator that applies the perturbations described in Sec. III (see Appendix B for an explicit expression for this operator). These lattice wavefunctions are in turn perturbed by the external potential as described in Sec. II, yielding
Since we are considering the linear response, we keep only the first order perturbation due to the potential; the lattice corrections may be applied up to as high an order as desired by truncating the resulting perturbation series appropriately. There are again two meaningful transverse current responses that we can calculate: the current per singleparticle orbital and the current density. However, we must now include corrections to the operatorÎ y due to the presence of the lattice. Using the definitionÎ y = ∂Ĥ/∂k y , we see that for a C 4 symmetric lattice, whose Hamiltonian takes the general form given in Eqs. (42) and (45), the current operator becomeŝ 
This expression is given in terms of ladder operators in Appendix B.
A. Current Per Orbital
The current per orbital is again given by the expectation value of this (now perturbed) current operator in a single-particle state, ñ , k y |Î y |ñ , k y , with leading nonzero terms
(56) Lattice corrections enter this expression in three places: in the perturbed wavefunctions |n , k y ; in the perturbed energy denominator E n − E m ; and through the perturbed current operatorÎ y . In each case, the corrections may be expressed as a perturbation series in powers of B ≡ 2π/N , which is assumed to be small. A consistent expression for the current per orbital is obtained by collecting together terms from each source order by order.
For a C 4 -symmetric lattice, the current per orbital up to first order in B is
where Î yn is the current per orbital for the unperturbed nth Landau level, given in Eq. (16) . Notably, the zeroth order (homogeneous) term is related to the quantised Hall conductance, and does not gain corrections at any order in perturbation theory. The second term, proportional to ∂ 2 x E(x), is unchanged at first order, but it does pick up corrections at higher orders in perturbation theory. The corrections for the specific case of the Hofstadter model are given in Appendix B.
B. Current Density
As in the continuum, the transverse current density is related to the transport response that would be measured in a real experiment. Following the approach of Sec. II B, we calculate this quantity for a filled band by taking the expectation value of the current density operator and summing over all relevant single-particle states. This can be shown to be equivalent to a linear response calculation using the methods in Appendix A.
The current density operator is noŵ
which includes perturbative corrections due to the lattice as described above. We take the expectation value of this operator with respect to the single particle states |ñ , k y , which have been perturbed by both the lattice and the external potential. Summing over all the states in the perturbed band, we find
where, as in the continuum, the final expression is a sum over a product of matrix elements, which may be calculated straightforwardly using ladder operators. Lattice corrections enter through the perturbed wavefunctions, energies and current operator. Expanding the perturbation series consistently, we find that the current density for a C 4 -symmetric lattice is, up to first order,
where J yn (r 0 ) is the current density for the unperturbed nth Landau level given in Eq. (25) . In the above, we only give terms up to the second derivative of the electric field: further terms, and the specific expression for the Hofstadter model, may be found in Appendix B.
As before, the leading homogeneous term is related to the quantised Hall conductance and receives no perturbative corrections. The higher-derivative terms, however, do receive corrections due to the lattice. Making the substitution E(x) = E q e iq(x−x0) and using Eq. (1), we identify the perturbed finite-wavevector Hall conductivity as
The O(q 2 ) term, which one might measure to obtain the Hall viscosity, has nonuniversal corrections proportional to the magnetic field. These are a result of the rotational symmetry breaking due to the lattice, and would need to be accounted for in order to recover the appropriate continuum theory from an experimental measurement.
C. Comparison with Numerics
In order to verify this calculation, we compare Eq. (60) for the Hofstadter model (given explicitly in Appendix B) with exact diagonalisation results for a range of parameter values. We choose an external sinusoidal potential of the form
and a magnetic field strength B = 2π/N , for a range of λ and N , and plot the exact current density in the lowest Hofstadter band in Fig. 3 . Alongside this, we show the analytical expression from Eq. (60), including up to: (i) terms proportional to ∂ 2 x E(x) with no lattice corrections; (ii) terms proportional to ∂ 4 x E(x) with no lattice corrections; and (iii) terms proportional to ∂ 4 x E(x) with lattice corrections at O(B). In each of these plots, we have subtracted the zeroth order (DC) current density component,
so that the deviations can be seen more easily. We take the hopping parameter t = N/4π so that the gap between low-lying bands is approximately ∆E = 1 and the relative strength of the external potential is approximately V /∆E ≈ 0.1.
Even though lattice corrections in the Hofstadter model are known to be fairly small [31] , their effects on the current density are clearly noticeable in Fig. 3 . As found in the previous section, the leading corrections are proportional to B = 2π/N and so are most significant at small N . For the range of N considered in Fig. 3 , the lattice corrections calculated numerically show good agreement with our perturbative result. In addition to these, nonperturbative corrections (proportional to sin(3N x 0 )) are also visible in Fig. 3 .
The inclusion of higher derivative terms in Eq. (60), which may be easily calculated using our formalism, also improves the agreement with the exact numerical results, as may be seen in Fig. 3 . These corrections become less significant as the ratio of the external potential to the magnetic length, λ/l B gets larger. For a fixed λ and B, more accurate approximations can be obtained by including higher terms in the double perturbation series of Eq. (60).
V. CONCLUSIONS
In this work, we have presented an approach for calculating the finite-wavevector electromagnetic response in lattice quantum Hall systems, illustrating our method with the explicit, relevant example of a lattice with C 4 rotational symmetry. In the process, we introduced a new, quantum mechanical derivation of the current response in quantum Hall systems, which allows terms to arbitrary order in the wavevector expansion to be calculated straightforwardly. We also developed a formalism for deriving the Landau-level-like wavefunctions that arise generically in tight-binding models in the presence of a magnetic field. Our results have several implications for experiments that seek to measure the Hall viscosity through the inhomogeneous current response. Namely, at moderate field strengths, the lattice corrections to the current density can be significant, and must be taken into account if one wishes to extract the universal, Hall viscosity-dependent component that may be indicative of the underlying phase. Higher order derivative terms (quartic order in the wavevector and higher) may also be significant, but can be calculated straightforwardly within our formalism. The size of the corrections (and the field regime in which they are most noticeable) may depend sensitively on the structure of the underlying lattice model. Even in the Hofstadter model, for which lattice corrections are known to be fairly small [31] , corrections to the current response were found to be significant, and demonstrated good agreement between numerics and theory.
Beyond this, our perturbative approach to generic lattice models provides a universal framework for studying lattice quantum Hall systems, and is applicable to many different regimes of experimental interest. In many cases, only the band dispersion of the zero-field system is required to understand the finite-field behaviour. We demonstrated that the band structure endowed by a lattice generally leads to an effective continuum Hamiltonian with broken rotational symmetry. In this respect, such systems offer a natural realisation of the rotational symmetry-breaking Landau levels considered in Ref. [13] . In addition, we found that single-particle quantities, such as the current per orbital, are directly related to the band geometry of the system. If such a quantity can be detected, this would offer a means for measuring the band geometry experimentally.
Our work raises a number of intriguing open questions. In addition to applying the approach to other lattice systems and real experiments, it would be of interest to study lattice corrections to the relativistic quantum Hall effect, which may arise in systems with Dirac-like dispersions such as graphene. Finally, some of the most interesting quantum Hall physics lies in the interacting regime. We leave a study of the electromagnetic response of such fractional lattice quantum Hall systems to future work.
The current density operator at position r 0 takes the formĵ
We now set up the system according to standard linear response techniques [53, 54] . Note, however, that we are representing the electric field as the spatial derivative of a scalar potential V (x), rather than as the time derivative of a vector potential A(t) as is more standard [55] . See Ref. [54] for a discussion of some of the subtle differences between the two choices.
We prepare the system, at t = −∞, in an eigenstate of the HamiltonianĤ 0 , in this case choosing the filled nth Landau level, |nLL = ky c † n,ky |0 .
We then adiabatically switch on the static potential. To facilitate this, we introduce a time dependence to V (x) through
where ω + = ω + i . In this way, the perturbing potential vanishes at t = −∞, and at t = 0, the system is described by the complete HamiltonianĤ =Ĥ 0 + ∆Ĥ. At the end of the calculation we will set ω + → 0.
We work in the interaction picture, where operators and states gain time dependence (relative to the Schrödinger picture) througĥ
|ψ(t) I = e iĤ0t |ψ .
States evolve according to the time evolution |ψ(t) I = U (t, t 0 ) |ψ(t 0 ) I (A8) with U (t, t 0 ) = T exp −i 
where T is the time ordering operator. The unperturbed state |nLL at t = −∞ evolves to the perturbed, interaction-picture state |nLL(t) I at time t through |nLL(t) I = U (t, −∞) |nLL .
We can then find the current density by calculating the expectation value I nLL(t)|ĵ Iy (r 0 , t) |nLL(t) I . Expanding the time-evolution operator to first order in the perturbation, we obtain the linear response result j Iyn (r 0 , t) = nLL| j Iy (r 0 , t) |nLL + i 
where several contributions have cancelled out. Since E m = E n , we may now take the ω + → 0 limit directly to 
The generic zero-field band structure for a lattice with C 4 symmetry was given in Eq. (41) . In the presence of a weak magnetic field, the substitution k →k may be enacted to obtain Eqs. (42) and (45) . In terms of ladder operators (defined in Eq. (43) Higher order terms may be found similarly. At lowest order, we solveĤ (1) C4 to find Landau level-like solutions. At next order, we treatĤ .
